Let A be a Cartan matrix and G(A) be the Kac-Moody group associated to Cartan matrix A. In this paper, we discuss the computation of the rank i k of homotopy group π k (G(A)). For a large class of Kac-Moody groups, we construct Lie algebras with grade from the Poincaré series of their flag manifolds. And we interpret i 2k as the dimension of the degree 2k homogeneous component of the Lie algebra we constructed. Since the computation of i 2k−1 is trivial, this gives a combinatorics interpretation of i k for all k > 0.
Introduction
Let A = (a ij ) be an n × n integer matrix satisfying Let h be the real vector space spanned by Π ∨ = {α ∨ 1 , α ∨ 2 , · · · , α ∨ n }, denote the dual basis of Π ∨ in the dual vector space h * by {ω 1 , ω 2 , · · · , ω n }. That is ω i (α ∨ j ) = δ ij for 1 ≤ i, j ≤ n. Let Π = {α 1 , · · · , α n } ⊂ h * be given by α ∨ i , α j = a ij for all i, j, then α i = n j=1 a ji ω j . The triple (h, Π, Π ∨ ) is called the realization of Cartan matrix A. Π and Π ∨ are called respectively the simple root system and simple coroot system associated to Cartan matrix A. By the work of Kac [12] and Moody [24] , it is well known that for each Cartan matrix A, there is a Lie algebra g(A) associated to A which is called the Kac-Moody Lie algebra.
The Kac-Moody Lie algebra g(A) is generated by α ∨ i , e i , f i , 1 ≤ i ≤ n over C, with the defining relations:
(1) [α ∨ i , α ∨ j ] = 0; (2) [e i , f j ] = δ ij α ∨ i ; (3) [α ∨ i , e j ] = a ij e j , [α ∨ i , f j ] = −a ij f j ; (4) ad(e i ) −a ij +1 (e j ) = 0, ad(f i ) −a ij +1 (f j ) = 0 for i = j. For details, see Kac [13] and Kumar [21] .
Kac and Peterson constructed the simply connected Kac-Moody group G(A) with Lie algebra g(A) in [14] [15] [16] .
A Cartan matrix A is symmetrizable if there exists an invertible diagonal matrix D and a symmetric matrix B such that A = DB. g(A) and G(A) are symmetrizable if the Cartan matrix A is symmetrizable. A Cartan matrix A is indecomposable if A can not be decomposed into the sum A 1 ⊕ A 2 of two Cartan matrices A 1 , A 2 . The Kac-Moody Lie algebra or the Kac-Moody group is indecomposable if the Cartan matrix A is indecomposable.
Indecomposable Cartan matrices and their associated Kac-Moody Lie algebras, Kac-Moody groups are divided into three types.
(1) Finite type, when A is positive definite. In this case, G(A) is just the simply connected complex semisimple Lie group with Cartan matrix A.
(2) Affine type, when A is positive semi-definite and has rank n − 1. [21] , F (A) is an ind-variety. By rational homotopy theory [27] the ranks of homotopy groups of G(A) can be computed from the rational cohomology of G(A). The rational cohomology rings of Kac-Moody groups and their flag manifolds of finite or affine type have been extensively studied by many people. For reference, see Pontrjagin [25] , Hopf [8] , Borel [2] [3] [4] , Bott and Samelson [5] , Bott [6] , Milnor and Moore [23] etc. The structure theory of cohomology rings is well established. For the indefinite case, there are some works by Kumar [20] , Kac [16] , Kostant and Kumar [19] and Kichiloo [18] , Zhao and Jin [30] . The fundamental structure and the explicit algorithm to determine the cohomology are founded. But except for the examples in [18] [30] , there are no concrete computational examples. This paper will work in this direction and give more examples.
By Kichiloo [18] and Kumar [21] , it follows that the rational cohomology rings H * (G(A)) and H * (F (A)) are locally finite and generated by countable number of generators.
By the well known theorem of Hopf about the structure of the rational cohomology ring of a Hopf space G, we know H * (G) is a Hopf algebra and as algebra it is isomorphic to the tensor product of a polynomial algebra P (V 0 ) and an exterior algebra Λ(V 1 ), where V 0 and V 1 are respectively the set of even and odd degree free generators of H * (G). Therefore the Poincaré series of the Kac-Moody group G(A) of form
(1 − q 2k−1 ) i 2k−1
(1 − q 2k ) i 2k .
By [27] i k is the rank of homotopy group π k (G(A)). The rational cohomology ring H * (G(A))(even the rational homotopy type) is determined by the sequence i 1 , i 2 , · · · , i k , · · · . Set ǫ(A) = 1 or 0 depending on A is symmetrizable or not as in Kac [17] . By the results in [29] [30], we have (1 − q 2k ) i 2k−1
Theorem 2: The sequence i 1 , i 2 , · · · , i k , · · · can be computed from P F (A) (q) and ǫ(A). In particular
For the computation of i 2k , see [11] [29] [30] . In this paper we will give a combinatorics realization of the rank i 2k of homotopy group π k (G(A)) for a large class of Kac-Moody groups. Since the computation for finite and affine cases has been obtained and for a decomposable Cartan matrix
we only consider the indecomposable and indefinite case.
The content of this paper is arranged as follows. In section 2, we give some results about the Hilbert series of graded associative algebras which will be used in the later sections. In section 3 we construct a Lie algebra L(A) with grade for a Kac-Moody group G(A) with certain good property. And we interpret i 2k as the dimension of the degree 2k component of L(A). Since the realization is based on the Poincaré series of F (A) we discuss the computation of Poincaré series of F (A) in section 4. We are particularly interested in the case when the rank of Cartan matrix is 3 or 4. In section 5 we give some examples to show how our interpretation is implemented. In the last section we make a conjecture about the structure of grade Lie algebra π * (G(A)) for certain type of Cartan matrix A.
Hilbert series of graded associative algebras
In this section we give some algebraic preparation. Our main reference for this section is Anick [1] .
Hilbert series of free product
Let A be a graded associative algebra over a field K, then A = A k of A by A. For two graded associative algebras A 1 , A 2 , denote by A 1 * A 2 the free product of A 1 and A 2 . In this paper we consider only connected associative algebra A. That is
The Hilbert series satisfy the following property.
Lemma 1(Lemaire [22] )Let A 1 , A 2 be two connected graded associative algebras with Hilbert series H A 1 , H A 2 , then the Hilbert series of the free product A = A 1 * A 2 satisfies 1
Proof: Let S 1 , S 2 be the set of additive basis of augmented ideal A 1 , A 2 respectively. Since A is the free product of A 1 , A 2 , we can construct a canonical basis S of A from S 1 , S 2 whose elements are of the form of finite product
Let F be the subspace of A spanned by those elements of S starting from α i 1 ∈ S 1 and G be the subspace of A spanned by those elements of S starting from
Considering the Hilbert series of the two sides, we get
It is obvious that
We called this formula the first order expansion of A. It is easy to check that we have the following second order expansion of
Simplifying this formula, we get 1
Let T (x 1 , · · · , x m ) be the tensor algebra generated by
Strongly free set
Let A be a graded associative algebra and B be a subalgebra of A, then the quotient homomorphism π : A → A/ABA is surjective. Let ρ : A/ABA → A be a chosen linear section of π, then there is a homomorphism id * ρ : B * (A/ABA) → A.
The following definition of strongly free set can be regarded as the generalization of the concept of regular sequences for commutative algebras to non-commutative algebras.
Definition 1(Anick [1] )Let A be a graded associative algebra and B be a subalgebra of A, B is called a weak summand of A if the homomorphism id * ρ : B * (A/ABA) → A is an isomorphism of K-vector spaces. Let α = {α 1 , · · · , α k } be a graded set in A, α is called a strongly free set in A if the subalgebra K α generated by α in A is a free algebra and K α is a weak summand of A.
Let α be a strongly free set in A, α generates an ideal AαA ⊂ A in A, the following lemma gives the relation between the Hilbert series H A and H A/AαA . Lemma 2: Let A be a connected graded associative algebra and α = {α 1 , · · · , α n } be a strongly free set in A. If the degrees of elements in α are e 1 , · · · , e n , then 1
Proof: Since id * ρ : T (α) * (A/ABA) → A is an isomorphism of vector spaces, we get
Combing with
, we prove the lemma.
For a connected graded associative algebra A generated by set
where I is the ideal of relation of A with respect to generators set X. If I is generated by a strongly free set in T (x 1 , · · · , x m ), then we have the following result.
Corollary 2: Let A be a connected graded associative algebra with generator set X = {x 1 , · · · , x m } and relation set α = {α 1 , α 2 , · · · , α n }. If α is a strongly free set, then the Hilbert series of A is
m are the degrees of set {x 1 , · · · , x m } and e 1 , e 2 · · · , e n are the degrees of set {α 1 , α 2 , · · · , α n }.
Hilbert series of universal enveloping algebra of Lie algebra with grade
we say L is a Lie algebra with grade. For a Lie algebra L with grade, its universal enveloping algebra U (L) is an graded associative Hopf algebra. The coproduct on U (L) is defined by δ(x) = 1 ⊗ x + x ⊗ 1 for x ∈ L and δ is cocommutative. Therefore By [23] U (L) is primitively generated. For a free Lie algebra L with grade generated by X = {x 1 , x 2 , · · · , x m }, the universal enveloping algebra is the tensor algebra
L k be a Lie algebra with grade and j k = dim L k , then the Hilbert series
This lemma is derived directly from the Poincaré-Birkhoff-Witt Theorem.
Let L be a Lie algebra with grade and α ⊂ A be a graded set and J be the quotient Lie algebra of L with respect to the ideal I generated by α, then we have Lemma 4: The universal enveloping algebra U (J) is isomorphic to the quotient Hopf algebra of U (L) with respect to the ideal U (L)IU (L).
For the proof of this lemma, see Bourbaki [7] . Lemma 5: Let L be a Lie algebra with grade generated by graded set X = {x 1 , · · · , x m } with defining relation set α = {α 1 , · · · , α n }. If α is strongly free set, then the Hilbert series of U (L) is
3 Rank of homotopy group π k (G(A))
The theorem of Milnor and Moore
In this section we use the results in previous section to discuss the rank i k of homotopy group π k (G(A)).
For a connected Hopf space G with unit and homotopy associative multiplication, the homology H * (G) is a Hopf algebra. The diagonal ∆ : G → G × G is co-commutative, implying that the coproduct of H * (G) is commutative. Hence by [23] H * (G) is primitively generated.
On the rational homotopy group π * (G), the Samelson product
π * (G) forms a graded Lie algebra over Q with Samelson product.
Theorem(Milnor-Moore) Let G be a connected homotopy associative H-space with unit and χ : π * (G) → H * (G) be the Hurewicz morphism of graded Lie algebras, then the induced morphism χ : U (π * (G)) → H * (G) is an isomorphism of Hopf algebras. Where U (π * (G))) is the enveloping algebra of π * (G). By this theorem, to determine the rank i k of π k (G(A)), we only need to consider the Hilbert series of H * (G(A)). Since the Hilbert series of H * (G(A)) contains the same information as the Poincaré series of G(A), we discuss the Poincaré series of G(A) for convenience. H * (G(A)) is the tensor product of a polynomial algebra with even degree generators and an exterior algebra with odd degree generators. In this paper we only consider indecomposable and indefinite Cartan matrix A. In this case it is proved in [29] that if A is symmetrizable then the exterior algebra part of H * (G(A)) is generated by one degree 3 generators and if A is not symmetrizable then H * (G(A)) has no exterior algebra part.
Chow ring of G(A)
Lie algebra π * (G(A)) is a graded Lie algebra whose universal enveloping algebra is H * (G(A)). For
The dual Hopf algebra of H even (G(A) is isomorphism to the Chow ring Ch
* (G(A)). As algebra Ch * (G(A)) is the subalgebra of H * (G(A)) generated by even dimensional generators of degree great than 2. By relating π even (G(A)) with Chow ring of G(A) we transform the computation of i 2k to the computation of Hilbert series of Chow ring.
Lemma 6:
The Hilbert series of Ch
and
For reference see Kac [17] .
Realization of i k
The Poincaré series P F (A) (q) is of the form
, where Q(q) is a polynomial of q with constant item 1 and
[t i ] is in fact the least common multiple of those Poincaré series of flag manifolds associated to the finite type principal sub-matrices of A. We assume the polynomial
We have
.
and by Zhao-Jin [30] there exists a unique sequence
Substituting the above two formulas into
We get:
We give the following definition. 
The computation of Poincaré series P F (A) (q)
We need an algorithm to compute the Poincaré series of flag manifolds.
General results about the Poincaré series of flag manifolds
The Weyl group W (A) associated to a Cartan matrix A is the group generated by the Weyl reflections σ i : h * → h * with respect to simple co-roots
where m ij = 2, 3, 4, 6 or ∞ as a ij a ji = 0, 1, 2, 3 or ≥ 4 respectively. For details see Kac [13] , Humphreys [9] . Each element w ∈ W (A) has a decomposition of the form
The length of w is defined as the least integer k in all of those decompositions of w, denoted by l(w). The Poincaré series of g(A) is the power series P A (q) = w∈W (A) q 2l(w) .
Steinberg [26] proved that the Poincaré series P A (q) of the flag manifold F (A) of a Lie group G(A) is a rational function. And the result is easy to extend to the Poincaré series of a general Kac-Moody group G(A) or its flag manifolds F (A).
In [11] the authors discussed the computation of Poincaré series of flag manifolds of Kac-Moody flag groups. Let A be an n × n Cartan matrix, S = {1, 2, · · · , n}. For each I ⊂ S, let A I be the Cartan matrix (a ij ) i,j∈I . Let dim A I be the complex dimension of the flag manifolds F (A I ). The following lemma is used in this paper.
Lemma 8(Steinberg [26] )Let A be an indefinite Cartan matrix, then we have
The Poincaré series P F (A) (q) can be computed through Steinberg's formula by a recurrence procedure.
Poincaré series of flag manifolds of rank 3 and 4
By the results in [10] [11], for a Cartan matrix A the Poincaré series P F (A) (q) is determined by the Coxeter graph Γ(A). For a Coxeter graph Γ(A) we define the reduced graph is the graph obtained by replacing all the k-fold edges between pairs of vertices by one-fold edge.
Lemma 9: Let A be an indecomposable rank 3 Cartan matrix, then its reduced Coxeter graph is of the following two types.
3-I 3-II
Lemma 10: Let A be an indecomposable rank 4 Cartan matrix, then its Coxeter graph is of the following five types.
4-I 4-II 4-III 4-IV 4-V 4-VI
The automorphisms of these graphs are: 3-I, Z 2 ; 3-II, S 3 ; 4-I, Z 2 ; 4-II,
The computation results for the Poincaré series of F (A) for rank 3 and 4 Cartan matrices are listed in the appendix A.
Some examples
In this example Q(q) = t 6 − t 5 − t 4 + t 3 − t 2 − t + 1, we define a Lie algebra
Where deg
] form a strongly free set in L and we have i 2 = 0,
Criteria for strongly free set
There is no easily applied criterion to determine whether or not a given graded set α in an algebra A is strongly free. But for free algebras Anick gave some criteria in [1] . We cite the corresponding results.
Definition 4: Let S be any locally finite graded set and let B be the free monoid on S. A set of monomials α = {α 1 , α 2 , · · · , α n } ⊂ B − {1} is combinatorially free iff (a) no α i is a sub-monomial of α j for i = j and (b) whenever α i = x 1 y 1 , and α j = x 2 y 2 for x 1 , y 1 , x 2 , y 2 ∈ B − {1} we have
Condition (b) says that the beginning of one monomial cannot be the same as the ending of another (or the same) monomial.
Theorem 4: (Anick [1] ) Let A = K(S), let B be the free monoid on S and suppose α = {α 1 , α 2 , · · · , α n } ⊂ B − {1} is a set of monomials. Then α is strongly free in A if and only if α is combinatorially free.
In the following, we give a monomials basis M for a free monoid B = K(S). If S is empty, then B = K and the only monomial is 1. Otherwise choose any total ordering on S. Define an ordering e on B as follows. For monomialx, y ∈ B, x < y iff e(x) < e(y); if e(x) = e(y), compare x and y using the lexicographic ordering induced on B by the ordering for S. Since (S, e) is locally finite, e −1 (n) ∩ B is finite for each n, and B is isomorphic as an ordered set to the positive integers. This ordering has the additional property that if u, w, x, y ∈ B and x < y, then uxw < vyw.
Given a nonzero element x ∈ K(S), write x as a linear combination of monomials x = c 1 y 1 + · · · + c l y l , where c i ∈ K. If y i is the largest monomial(in the sense of the ordering of the monomials) for which c i = 0, then y i is called the high term of x.
Theorem 5: (Anick [1] )Let A = K(S) and suppose α = {α 1 , α 2 , · · · , α n } ⊂ A − {0}. Using any fixed ordering on S, letα i be the high term of α i for each α i ∈ α, then α is strongly free in A if α = {α 1 ,α 2 , · · · ,α n } is combinatorially free.
7 A conjecture on the structure of π * (G(A)) Example 3: Let A be a rank n Cartan matrix A which satisfy a ij a ji ≥ 4 for all i = j, then the Weyl group of
where
Lemma 11: a k > 0 for all k > 1.
Conjecture : π even (G(A)) is a free Lie algebra with a k free generators of degree 2k for each k > 1.
8 Appendix-the lists of Poincaré series of rank 3 and 4
The Poincaré series of Cartan matrices with reduced Coxeter graph 3-I r 1 r 2
[r1, r2] P oincaré series
The Poincaré series of Cartan matrices with reduced Coxeter graph 3-II 
